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1 Introduction
Gravity and supergravity lagrangians in the presence of a boundary have been studied
in different contexts from the early seventies on. The need of adding a boundary term
to the gravity action, such as to implement Dirichlet boundary conditions for the metric
field, was first pointed out in [1, 2] and [3], in early attempts to study the quantization
of gravity with a path integral approach, in order to have an action which depends only
on the first derivatives of the metric. More recently, the addition of boundary terms was
considered in [4] to cancel gauge and gravitational anomalies in the Horava-Witten model
in 11D. Inclusion of boundary terms is also an essential tool for the study of the AdS/CFT
duality [5–8], a well celebrated and far reaching duality between string theory on asymptot-
ically AdS space-time (times a compact manifold) and a quantum field theory living on the
boundary.1 The duality was tested very deeply at low energies, in the supergravity limit
of string theory, where it implies a one-to-one correspondence between quantum operators
O in the boundary conformal field theory and fields φ of the bulk supergravity theory and
requires to supplement the supergravity action functional with appropriate boundary con-
ditions φ(0) for the supergravity fields, which act as sources for the operators of the CFT.
As far as the metric field is concerned, in particular, the bulk metric is divergent near
the boundary. These divergences can be however disposed of successfully by the so called
holographic renormalization [9–16] through the inclusion of appropriate counterterms at
the boundary.
The inclusion of boundary terms and counterterms to the bosonic sector of AdS super-
gravity has been extensively studied in many different contexts. In particular, interesting
1The literature on the subject of AdS/CFT and on its developments in various directions as gauge/gravity
correspondence is so huge that we limit to refer to the first publications and to general reviews containing
more extended reference lists.
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results have been obtained in [17–21], where it was shown that the addition of the topolog-
ical Euler-Gauss-Bonnet term to the Einstein action of four dimensional AdS gravity leads
to a background-independent definition of Noether charges, without the need of imposing
Dirichlet boundary conditions on the fields. Such boundary term indeed regularizes the
action and the related (background independent) conserved charges.
At the full supergravity level, boundary contributions were considered from several
authors, using different approaches, and in particular in [24–34]. While in [30–33] bound-
ary conditions on the fields are imposed, in [24–29] it is pointed out that the supergravity
action should be invariant under local supersymmetry without imposing Dirichlet boundary
conditions on the fields, in contrast to the Gibbons-Hawking prescription [3]. The explicit
construction of an AdS supergravity theory with a boundary and with no boundary condi-
tions on the fields was achieved in reference [24–29] using superconformal tensor calculus,
in the particular case of N = 1, D = 3 (off-shell) supergravity. Within that approach, it
was shown in particular that N = 1, D = 3 pure supergravity, including its appropriate
boundary term, actually reproduces not only the Gibbons-Hawking-York boundary term,
but also the counterterm which regularizes the total action, in the language of holographic
renormalization. An interesting geometric approach to the problem was considered, for
the rigid superspace, in [34], by applying the so-called ectoplasm formalism to manifolds
with boundary. However, that approach seems to be related to the existence of an off-
shell formulation of supergravity which, as it is well known, is available only in few cases.
Notwithstanding this, some of the statements in [34] appear to be consistent with the
results we are going to present here.
Let us remark that the above results, together with the ones of [17–21], all point to
the conclusion that, to restore all the invariances of a gravity or supergravity lagrangian
with cosmological constant in the presence of a non trivial boundary, it is necessary to add
topological contributions, also providing the counterterms needed to regularize the action
and the conserved charges.
In the present paper we work out the construction of N = 1 and N = 2, D = 4
simple supergravities with negative cosmological constant and a non trivial boundary, thus
generalizing to four dimensional extended supergravity the results of [17–21] and [24–29].
To deal with this problem we take an approach different from that of reference [24–29],
namely we introduce in a geometric way appropriate boundary terms to the lagrangian in
such a way that the action, including the boundary contributions, be invariant under super-
symmetry transformations. In a sense our approach extends to superspace the geometric
approach of [17–21]. As we are going to show, the geometric (or rheonomic) approach to
supergravity, where the supersymmetry transformations are generated by Lie derivatives in
the fermionic directions of superspace, seems particularly well suited for the completion of
such a task. In particular, it does not require an off-shell formulation of bulk supergravity.2
For pure gravity with cosmological constant the boundary term can be written as a
2Indeed, we shall use for both N = 1 and N = 2 supergravity the on-shell formulation (that is transfor-
mations close only on the equations of motion). However, our results can be easily extended to an off-shell
formulation, when available. In the N = 1 case this is easily performed using the auxiliary fields of the new
minimal model.
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purely topological addition to the space-time action, and it regularizes the boundary action
without imposing Dirichlet boundary conditions on the metric. As we will show, in the su-
pergravity case the extra boundary terms that we introduce to recover full supersymmetry
in the bulk and boundary of space-time, extend in a supersymmetric way the Euler density
used in [17–21], without imposing Dirichlet boundary conditions on the fields. On the
contrary, we will find that the boundary values of the field-strengths (more precisely of the
supercurvatures) in superspace are instead dynamically fixed by the field equations of the
full (bulk and boundary) lagrangian. As the Gauss-Bonnet term in pure gravity allows to
recover invariance of the theory under all the bosonic symmetries, lost in the presence of a
boundary of space-time, and further regularizes the action, it is tempting to argue that the
same mechanism, in particular the generation of counterterms which regularize the action,
should also be at work in the four-dimensional supersymmetric case. If it were the case, it
would be very interesting to go further and evaluate the boundary contributions needed to
restore supersymmetry in matter coupled and/or higher N -extended supergravity theories
in four and higher dimensions.
1.1 Our approach
Let us now clarify our geometrical approach for the description of N -extended pure super-
gravity in four dimensions in the presence of a cosmological constant. Let V a (a = 0, 1, 2, 3)
and ψαA (A = 1, · · ·N , α = 1, · · · 4) be the bosonic and fermionic vielbein 1-forms in super-
space, respectively. The index A is the U(N) R-symmetry index while α is a 4D spinor
index, that we will omit in the following.
The fundamental request of any supergravity theory is the invariance of the lagrangian
L under supersymmetry transformations. In the geometric approach, the theory is given in
terms of superfields 1-forms µA defined on superspace M4|4N . The lagrangian, as a func-
tional of the µA, is a bosonic 4-form in superspace and the action is obtained by integrating
L on a generic bosonic hypersurface M4(x, θ) ⊂ M4|4N immersed in superspace.3 In this
setting, supersymmetry transformations in space-time are interpreted as diffeomorphisms
in the fermionic directions of superspace leading from a given M4(x, θ) to a nearby one
M4(x, θ + δθ). They are generated by Lie derivatives with fermionic parameter αA. (See
appendix for more details).
It follows that supersymmetry invariance of the lagrangian is easily accounted for by
asking that the Lie derivative ` of the lagrangian vanishes for infinitesimal diffeomorphisms
in the fermionic directions.
More precisely, let us denote by ι the contraction operator, and by A(x, θ) the fermionic
parameter along the tangent vector DA dual to the gravitino ψA (ψ¯
α
A(D
B
β ) = δ
α
β δ
B
A ) and
moreover ι(ψA) = A, ι(V
a) = 0). The condition for the lagrangian to be invariant under
local supersymmetry is:
δL = `L = ιdL+ d(ιL) = 0 . (1.1)
3Note that within this geometric approach all the fields are superfields, but we never need to use an
expansion in the fermionic θ coordinates. The space-time lagrangian is recovered at the end of the calculation
by restricting all the fields and p-forms to their θ = 0, dθ = 0 content.
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Let us note that the first contribution, which would be identically zero in space-time, is not
trivial here, since dL is a 5-form in superspace. The second contribution is a boundary term,
that does not affect the bulk result. A necessary condition for a supergravity lagrangian
is then:
ιdL = 0 , (1.2)
corresponding to require supersymmetry invariance in the bulk. We will assume in the
following that the condition (1.2) always holds. Under this (necessary) condition, the
supersymmetry transformation of the action reduces to:
δS =
∫
M4
d(ιL) =
∫
∂M4
ιL . (1.3)
When considering supergravity on Minkowski background, or more generally on space-
times without a boundary, the fields are asymptotically vanishing so that ιL|∂M4 = 0,
and then δS = 0. In this case, eq. (1.2) is also a sufficient condition for the supersymmetry
invariance of the lagrangian.
On the other hand, when the background space-time has a non trivial boundary, the
condition
ιL|∂M4 = 0 (1.4)
(modulo an exact differential) becomes non trivial, and it is necessary to check it explicitly
to get supersymmetry invariance of the action.
For the cases we considered, we find that the bulk lagrangian Lbulk is not supersym-
metric when a boundary is present. In this case, we show that supersymmetry invariance is
recovered by adding topological contributions Lbdy to the bulk lagrangian. Even if they do
not affect the bulk, they reestablish the supersymmetry invariance of the total lagrangian
besides modifying the boundary dynamics.
Let us observe that the total lagrangian Lfull = Lbulk + Lbdy can be rewritten in a
suggestive way as a sum of quadratic terms in OSp(N |4)-covariant super-fieldstrengths. In
particular, for the N = 1 case our result reproduces the MacDowell-Mansouri action [22].
We extend this result to N = 2 supergravity and we guess that the same structure should
appear also for higher N theories. The generalization of our results to matter coupled
and/or N ≥ 4 theories, where also scalar fields are present, is in preparation.
2 Pure N = 1 supergravity in 4 dimensions
In the N = 1 theory the fermionic directions in superspace are spanned by one gravitino
1-form, ψ, which is a Majorana spinor.
The Lorentz-covariant field-strengths in superspace are:
Rab = dωab − ωac ∧ ωcb
ρ = Dψ ≡ dψ − 14ωabγab ∧ ψ
Ra = DV a − i2 ψ¯γa ∧ ψ ≡ (dV a − ωab ∧ V b)− i2 ψ¯γa ∧ ψ
, (2.1)
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and they satisfy (on-shell) the Bianchi identities:
DRab = 0
Dρ = −14Rabγab ∧ ψ
DRa = −Rab ∧ V b + iψ¯γa ∧ ρ
. (2.2)
In the following, we shall omit the wedge product among forms throughout the paper.
Let us consider the following lagrangian in superspace, whose equations of motion
admit an AdS4 vacuum solution with cosmological constant Λ = −12e2. The factor e is
related to the radius ` of the asymptotic AdS4 geometry by: e =
1
2` .
Lbulk = −1
4
Rab V c V dabcd − ψ¯γ5γa ρ V a +
−ieψ¯γ5γab ψ V a V b − 1
2
e2V a V b V c V dabcd . (2.3)
Note that it is written as a first-order lagrangian, and the field equation for the spin-
connection ωab implies (up to boundary terms, which will be considered later) the vanishing,
on-shell, of the supertorsion Ra defined in eq. (2.1).
The lagrangian (2.3) is on-shell invariant (in the bulk) under supersymmetry (according
to (1.2)), that is ι(dLbulk) = 0.
Even if not strictly necessary for the present discussion, in the following lines we are
going to summarize in a few words, for the simple N = 1 theory, the main issues of the
geometric approach, with the aim to make contact with the formulation of supergrav-
ity in space-time. In the geometric formalism we are using here, the condition that the
theory (and in particular the lagrangian) is supersymmetry invariant is equivalent to the
requirement that appropriate superspace constraints hold on-shell (see appendix), and in
particular:
ι(ρ) = ieγaV
a ; Ra = 0 (2.4)
that is the gravitino 2-form should admit on-shell the following parametrization on a basis
of superspace:4
ρ = ρabV
a V b + ieγaψV
a . (2.5)
The Bianchi identities in superspace (2.2) are solved by parametrizing (on-shell) the full
set of field-strengths on a basis of superspace in the following way:
Rab = RabcdV c V d + Θ¯abcψV c − eψ¯γabψ
ρ = ρabV
a V b + ieγaψV
a
Ra = 0
, (2.6)
4Let us clarify that, here and in the following, the component of a field-strength along the bosonic
vielbein is not its space-time component, but is instead what is called the supercovariant field-strength.
Indeed, considering e.g. ρ, from (2.1) and (2.5), projecting along dxµ dxν we have that the space-time
component ρµν of ρ is:
ρµν ≡ D[µψν] = ρabV aµ V bν + ieγ[νψµ] ,
where ρabV
a
µ V
b
ν defines the supercovariant field strength of the gravitino.
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where the spinorial superfield Θabc must be related to ρab by: Θab|c = i(2γ[aρb]c − γcρab).
Note that this parametrization can be equivalently read as the on-shell prescription for the
contractions of the field strengths:
ι(Rab) = Θ¯abcV c − 2e¯γabψ
ι(ρ) = ieγaV
a
ι(R
a) = 0
, (2.7)
Let us observe that these constraints provide the supersymmetry transformation laws of
the fields on space-time, under which the space-time lagrangian is invariant up to boundary
terms (see equations (A.6), (A.7)).
2.1 Including boundary terms
As discussed in the introduction, for this theory the boundary invariance of the lagrangian
under supersymmetry is not trivially satisfied and the condition (1.4) has to be checked
explicitly. In fact we find that, if the fields do not vanish at the boundary
ιL|∂M4 6= 0 .
To restore supersymmetry invariance, it is possible to modify the lagrangian by adding
boundary (topological) terms, which do not alter the bulk lagrangian only affecting the
boundary lagrangian, so that (1.2) is still satisfied.
The only possible topological 4-forms terms compatible with the symmetries of the
theory (parity, Lorentz-invariance) are:
d
(
ωabRcd − ωa` ω`b ωcd
)
abcd = RabRcdabcd (2.8)
d(ψ¯ γ5ρ) = ρ¯γ5ρ+
1
4
Rabψ¯γ5γabψ (2.9)
corresponding to the boundary lagrangian:
Lbdy = αRabRcdabcd + β
(
ρ¯γ5ρ+
1
4
Rabψ¯γ5γabψ
)
(2.10)
where α and β must be proportional to e−2 and e−1 respectively in order to respect the
common scaling behaviour of all the terms of the lagrangian. Let us then consider the
following lagrangian
Lfull = LAdS + Lbdy
= −1
4
Rab V c V dabcd − ψ¯γ5γa ρ V a +
−ieψ¯γ5γab ψ V a V b − 1
2
e2V a V b V c V dabcd +
+αRabRcdabcd + β
(
ρ¯γ5ρ+
1
4
Rabψ¯γ5γabψ
)
(2.11)
Recalling the general discussion in the introduction, and in particular (1.1), let us now study
the conditions under which (2.11) is invariant under supersymmetry. Since the boundary
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terms (2.8) and (2.9) are total differentials, the condition for supersymmetry in the bulk,
ιdLfull = 0, is trivially satisfied. To prove the supersymmetry invariance of Lfull, it is
still to be proved (from (1.1)) that, for a suitable choice of α and β, ι(Lfull) vanishes on
the boundary (up to a total derivative). We have:
ι(Lfull) = −1
4
ι(Rab)V c V dabcd − ¯γ5γaρ V a + ψ¯γ5γa ι(ρ)V a +
−2ie¯γ5γabψV aV b +
+2ι(Rab)
(
αRcd − i
8
βψ¯γcdψ
)
abcd + 2βι(ρ¯)γ5ρ− i
4
βRab ¯γcdψabcd
(2.12)
This is not zero, in general, but its projection on the boundary ∂M should be zero. Indeed,
in the presence of a boundary, the field equations in superspace of the lagrangian (2.11)
acquire non trivial boundary contributions, which result in the following constraints holding
on the boundary:5 {
δLfull
δωab
= 0 ⇒ Rab|∂M = 18αV aV b + i β16α ψ¯γabψ
δLfull
δψ¯
= 0 ⇒ ρ|∂M = 12βγaψV a
, (2.13)
which show that both supercurvatures on the boundary are not dynamical, but fixed to
constant values in the anholonomic basis of the bosonic and fermionic vielbein. Upon use
of (2.13) we then find that
ι(Lfull)|∂M = 0 , (2.14)
if the following relation between α and β holds:
β
16α
+
1
2β
= 2i e (2.15)
Solving for β we find
β = 16i eα (1 + k) , k2 = 1 +
1
32 e2α
; (β 6= 0⇒ k 6= −1).
It is interesting to observe that setting k = 0, what implies
α = − 1
32 e2
the full lagrangian can be written in terms of the OSp(1|4) covariant super curvatures:
Rˆab = Rab + 4e2V a V b + eψ¯γabψ
ρˆ = ρ− ieγaψ V a
Ra = DV a − i2 ψ¯γa ψ
, (2.16)
5Note that besides the contributions to the equations of motion coming from Lbdy we have also extra
contributions from Lbulk (neglected in the absence of a boundary) from the total differentials originating
from partial integration.
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satisfying (on-shell) the Bianchi identities (totally equivalent to (2.2)):
DRˆab = 8e2R[a V b] − 2eψ¯γabρˆ
Dρˆ = −14Rˆabγab ψ + ieγaψRa − ieγaρˆ V a
DRa = −Rˆab V b + iψ¯γa ρˆ
. (2.17)
In terms of (2.16) and setting k = 0, the lagrangian (2.11) turns out to be:
Lfull = − 1
32e2
Rˆab Rˆcdabcd − i
2e
ˆ¯ργ5ρˆ . (2.18)
This is in fact nothing but the Mac Dowell-Mansouri action [22]. We note that in terms of
the supercurvatures (2.16), the boundary conditions on the field-strengths (2.13) take the
simple form Rˆab|∂M = 0 and ρˆ|∂M = 0, that is we find that the Osp(1|4) supercurvatures
vanish at the boundary.6 We remark that the value of α = − 1
32e2
we find for k = 0 is
precisely the one given in [17–21] where the invariance of the gravity lagrangian under
space-time diffeomorphisms was required. Our result gives the supersymmetric extension
of their arguments.
On the other hand, taking k 6= 0 amounts to adding to the the Mac Dowell-Mansouri
lagrangian the boundary terms
k2
32e2(k2 − 1)d
(
ωabRcd − ωa` ω`b ωcd
)
abcd + 16i eαk d (ψγ
5 ρ). (2.19)
These terms break the off-shell OSp(1|4) structure of the theory. However, as discussed
above the first term is incompatible with the invariance of the lagrangian under diffeo-
morphisms in the bosonic directions of superspace (as discussed in [17–21]). As far as the
second term is considered, using the value of ρ at the boundary, (2.13), we see that this
term vanishes identically on-shell:
(ψ γ5ρ)|∂M = ψ γ5γaψ V a ≡ 0. (2.20)
In view of the fact that the closure of the OSp(1|4) algebra only holds on-shell for superym-
metric theories (without auxiliary fields), this extra contribution does not play a significant
role as far as supersymmetry is concerned.7
In the next section, following the same arguments, we are going to extend the above
construction to N = 2 pure supergravity.
3 Pure N = 2 supergravity in 4 dimensions
The bulk contribution to N = 2 supergravity on a AdS background can be found from
the general matter coupled N = 2 supergravity of [23], by setting to zero the matter
supermultiplets still keeping a Fayet-Iliopoulos (FI) term in the hypermultiplet sector. To
6The limit case of a vanishing cosmological constant (e = 0) in the presence of a non trivial boundary
of space-time is interesting and will be considered elsewhere.
7As we shall see in the following, in the N = 2 case all the coefficients of the boundary terms are fixed
and no possible OSp(2|4) breaking term can appear at the boundary.
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do the calculation, we chose the FI term in a specific SU(2) direction, P = P
(x=2)
Λ=0 (x
being a three-dimensional vector index) thus breaking the manifest SU(2) invariance of the
theory to SO(2). To precise the notation, we decompose the N = 2 gravitinos in chiral
components, the position of the SU(2) index A = 1, 2 also denoting the chirality:
ψA ≡ 1 + γ5
2
ψA , ψ
A ≡ 1− γ5
2
ψA
so that ψA are left-handed gravitinos while ψ
A are right-handed.
The lagrangian is written in a first order approach for the spin connection ωab and also
for the gauge field where an auxiliary tensor 0-form F˜ab is introduced (see appendix). In
the absence of matter fields, the kinetic matrix NΛΣ of the gauge field strength F = dA
reduces to N00 = θ− i, where θ is the (constant) θ-angle and we have set the gauge coupling
constant g = 1. The resulting (bulk) lagrangian, written as a 4-form in N = 2 superspace,
is:
Lbulk = −1
4
Rab V c V dabcd +
(
ψ¯Aγa ρA − ψ¯Aγa ρA
)
V a +
+
(
θF˜ab +
1
2
abcdF˜
cd
)
V a V b F +
− 1
24
(
F˜`mF˜
`m − θ
2
pqrsF˜
pqF˜ rs
)
V a V b V c V dabcd
−L
[
F − L
2
(
ψ¯AψBAB + ψ¯AψB
AB
)] [
(θ − i)ψ¯CψDCD + (θ + i)ψ¯CψDCD
]
+i
(
SABψ¯
Aγab ψ
B − S¯ABψ¯AγabψB
)
V a V b
−1
8
L2P 2V a V b V c V dabcd , (3.1)
where L ≡ L0 is a constant which is the remnant of the special geometry section LΛ in the
absence of scalars (with our notations L = 1√
2
), and the gravitino mass matrix is:
SAB =
i
2
(σx)A
CBCP
x
ΛL
Λ =
1
2
PLδAB , S¯
AB =
i
2
(σx)AB
BCP xΛL
Λ =
1
2
PLδAB . (3.2)
Correspondingly, the cosmological constant is Λ = −3L2P 2, and the radius ` of the asymp-
totic AdS4 geometry is ` =
1
LP .
Note that the lagrangian (3.1) contains a θ-term which is in fact a boundary contribu-
tion. The super curvatures appearing in the lagrangian are defined as follows:

Rab = dωab − ωac ωcb
ρA = DψA + i2APABψB
ρA = DψA − i2APABψB
F = F + L (ψ¯AψBAB + ψ¯AψBAB)
Ra = dV a − iψ¯AγaψA
(3.3)
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where F ≡ dA and we have defined PAB ≡ (σ2)ABP = PAB. They satisfy the N = 2
Bianchi identities:
DRab = 0
∇ρA ≡ DρA + i2APABρB = −14RabγabψA + i2FPABψB
∇ρA ≡ DρA − i2APABρB = −14RabγabψA − i2FPABψB
dF = 2L
(
ψ¯AρBAB + ψ¯AρB
AB
)
DRa = −RabVb + i
(
ψ¯Aγ
aρA + ψ¯AγaρA
)
(3.4)
where D denotes the Lorentz-covariant differential.
According to eq. (1.1), the lagrangian (3.1) is invariant under supersymmetry up to
boundary terms, since
ιdLbulk = 0 (3.5)
where  ≡ ¯ADA+ ¯ADA is the parameter corresponding to an infinitesimal supersymmetry
transformation, namely a Lie derivative under an infinitesimal diffeomorphism in the θα
fermionic directions of superspace. The tangent vectors DA, DA are dual to the gravitino
1-forms ψ¯A(DB) = ψ¯A(D
B) = δAB, and moreover we have: ιψA = A, ιψ
A = A, ιV
a = 0.
In the presence of a boundary where the fields do not vanish (as is the case for supergravity
in AdS background), the action looses its supersymmetry invariance, since, from (1.3), we
still have a non vanishing contribution:
δS =
∫
M4
d(ιLbulk) =
∫
∂M4
ιLbulk 6= 0 . (3.6)
The lack of boundary supersymmetry invariance is also manifest from the fact that in this
case the boundary contributions to the field equations are not satisfied anymore, since in
particular:
δLbulk
δψ¯
|∂M 6= 0 , δLbulk
δA
|∂M 6= 0 , δLbulk
δω
|∂M 6= 0 . (3.7)
To restore full supersymmetry in the bulk and boundary, it is necessary to add topological
contributions. The possible boundary contributions that could be added to the lagrangian
are:
Lbdy = d
{
α(ωabRcd − ωa` ω`b ωcd)abcd+
+βSABψ¯
AρB + β¯S¯ABψ¯AρB + γAF
}
(3.8)
which can be written, using (3.4):
Lbdy = αRabRcdabcd + βSAB ρ¯AρB + β¯S¯AB ρ¯AρB + γF F +
+
1
4
Rab (βSABψ¯AγabψB + β¯S¯ABψ¯AγabψB)+
+
i
2
F (βSABPBCψ¯AψC − β¯S¯ABPBCψ¯AψC) (3.9)
Let us then consider
Lfull = Lbulk + Lbdy . (3.10)
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The addition of the boundary terms modifies the field equations on the boundary. The
request δLbulk
δµA
|∂M = 0 (where µA = {ωab, V a, A, ψA, ψA} generically denotes all the super
fields of the theory) can now be satisfied, and it implies the following constraints:
Rab|∂M = 1
8α
{
V aV b − i
2
(
βSABψ¯
Aγabψ
B − β¯S¯ABψ¯AγabψB
)}
(3.11)
F |∂M = − 1
2γ
{(
θF˜ab +
1
2
abcdF˜
cd
)
V a V b+
−L
[
(θ + 2γ − i + βP
2
4
)ABψ¯
AψB + (θ + 2γ + i + β¯
P 2
4
)ABψ¯AψB
]}
(3.12)
ρA|∂M = 1
2β¯
(S¯−1)ABγaψBV a (3.13)
ρA|∂M = − 1
2β
(S−1)ABγaψBV a . (3.14)
Let us now ask the full supersymmetry invariance of the total lagrangian, that is the condi-
tion (1.1). The condition ι(dLfull) = 0 coincides with the request of bulk supersymmetry
invariance, since dLbdy ≡ 0. To have also boundary supersymmetry invariance, we must
fix the parameters α, β, β¯, γ to particular values, and we find:
ι (Lfull)∂M = 0 ⇒ α = −
1
4P 2
, β = i
4
P 2
= −β¯ , γ = −1
2
θ (3.15)
With the above values the total lagrangian becomes:
Lfull = −1
4
Rab V c V dabcd +
(
ψ¯Aγa ρA − ψ¯Aγa ρA
)
V a +
+
1
2
abcdF˜
cdV a V b F − 1
24
F˜`mF˜
`mV a V b V c V dabcd
+iL
[
F − L
2
(
ψ¯AψBAB + ψ¯AψB
AB
)] [
ψ¯CψDCD − ψ¯CψDCD
]
+i
(
SABψ¯
Aγab ψ
B − S¯ABψ¯AγabψB
)
V a V b
+
1
2
L2P 2V a V b V c V dabcd +
− 1
4P 2
{
RabRcdabcd − 16i(SAB ρ¯AρB − S¯AB ρ¯AρB)+
−4iRab (SABψ¯AγabψB − S¯ABψ¯AγabψB)+
+8F (SABPBCψ¯AψC + S¯ABPBCψ¯AψC)} . (3.16)
We note in particular that the value of γ = −12θ is such as to exactly cancel the topological
θ-term in the gauge sector.
The boundary values of the supercurvatures become:
Rab|∂M = −P 22
{
V aV b + 2
P 2
(
SABψ¯
Aγabψ
B + S¯ABψ¯AγabψB
)}
F |∂M = 0
ρA|∂M = −P 28 i(S¯−1)ABγaψBV a
ρA|∂M = P 28 i(S−1)ABγaψBV a
. (3.17)
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As it happens in the N = 1 case, the total lagrangian (3.16) simplifies dramatically
when written in terms of the OSp(2|4)-curvatures defined below:
Rˆab ≡ Rab + P 22 V aV b + SABψ¯AγabψB + S¯ABψ¯AγabψB
ρˆA ≡ ρA − iSABγaψBV a
ρˆA ≡ ρA − iS¯ABγaψBV a
F ≡ F + L (ψ¯AψBAB + ψ¯AψBAB)
(3.18)
Indeed one can easily verify that Lfull can be written in the quite simpler form:
Lfull = − 1
4P 2
RˆabRˆcdabcd +
4
P 2
i
(
SAB ˆ¯ρ
AρˆB − S¯AB ˆ¯ρAρˆB
)
+
+
1
2
(
abcdF˜
cdV a V b F − 1
12
F˜`mF˜
`mV a V b V c V dabcd
)
. (3.19)
Note that using (3.2) and recalling L = 1/
√
2, comparison between equations (3.17)
and (3.18) shows that all the OSp(2|4)-curvatures vanish at the boundary.
As explained shortly in the introduction and more extensively in appendix A, the
lagrangian (3.19) is a bosonic 4-form embedded in superspace written in terms of super-
curvatures and superfields. To obtain the lagrangian in ordinary space-time it is sufficient
to set the fermionic coordinates θα = 0 and their differential dθα = 0 so that the hypersur-
face is identified with space-time. Moreover we can go from the first order to second order
formalism for the gauge field-strength, that is we set F˜ab = Fab (see appendix A). In this
way we obtain the space-time lagrangian:
L(space−time)full = −
1
4P 2
Rˆab Rˆcdabcd +
4
P 2
i
(
SAB ˆ¯ρ
A ρˆB − S¯AB ˆ¯ρA ρˆB
)
+
1
2
F ∗F (3.20)
where now all fields and curvatures are purely space-time 1-forms and 2-forms, respectively.
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A Derivation of the space-time lagrangian from the geometric approach
In this appendix we give a short account of how to recover a supersymmetric lagrangian
on space-time from a geometrical lagrangian in superspace according to the principle of
rheonomy. By a geometrical lagrangian we mean a lagrangian constructed using only p-
forms, wedge products and d-differential.
In the geometric (rheonomic) approach the p-form fields µA are extended from space-
time to superspace, µA(x) → µA(x, θ). The lagrangian is a bosonic 4-form in superspace
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integrated on a 4-dimensional (bosonic) hypersurface M4 locally embedded in superspace
M4|N , to get the action:
S =
∫
M4⊂M4|n
L . (A.1)
The field equations, derived from the generalized variational principle δS = 0, are taken to
hold in all superspace. They are independent of the particular hypersurface M4 on which
we integrate, since any variation of the hypersurface can be reabsorbed in a superspace
diffeomorphism. However, the notion of Hodge operator is not well defined in superspace.
The unavailability of the Hodge star-operator, whose presence would prevent the extension
of the p-form equations to the whole superspace, forbids the possibility of writing the kinetic
term of gauge fields in the lagrangian as F ∗ F , but the kinetic term can be recovered in
a simple way using a first order formalism for the gauge field. Actually one introduces
a 0-form field F˜ab in such a way that its equations of motion perform the identification
F˜ab = Fab, Fab being the bosonic-vielbein component of the field strength 2-form. To see
explicitly how it works let us consider the following lagrangian
L =
∫ (
1
2
abcdF˜
cd
)
F V a V b + a
∫ (
F˜`mF˜
`m
)
V a V b V c V dabcd (A.2)
Varying the tensor 0-form F˜cd and choosing a = − 124 we find F˜cd = Fcd. Inserting this
result in (A.2) we obtain the desired result, namely
L = 1
2
∫
F ∗F . (A.3)
Note that the first order formalism for the gauge field lagrangian is quite analogous to the
first order formalism for the spin connection for the Einstein gravity term.
There are simple rules which can be used in order to write down the most general
lagrangian compatible with these requirement. The implementation of these rules is de-
scribed in detail in the literature to which we refer the interested reader [35]. Let us
just summarize here the main argument which connects superspace diffeomorphisms to
space-time supersymmetry.
The mapping µA(x) → µA(x, θ) is defined by the requirement of rheonomy, which
amounts to the following:
The superspace equations of motion contain the superspace curvatures, and can be
analyzed along the basis of 2-forms in superspace. Rheonomy requires that expanding the
curvatures 2-forms in superspace along the supervielbein 2-forms:
RA = RAabV
a V b +RAaαV
a ψα +RAαβψ
α ψβ (A.4)
the ”outer” components of RAaα, RAαβ (namely the components in the fermionic directions,
with at least 1 gravitino ψα) be expressed as linear tensor combinations of the inner com-
ponents RAab (namely the components along the bosonic vielbeins V
a). Note that from a
physical point of view the rheonomy requirement avoids the introduction the spurious de-
grees of freedom which would appear in the theory if the outer components of the curvatures
where independent fields.
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The rheonomy principle is completely equivalent to the requirement of space-time
supersymmetry. Indeed let us recall that the Lie derivative formula `µ
A = ιdµA + dιµA
can be written in the alternative form
`µ
A = (∇)A + ιRA (A.5)
where ∇ denotes the covariant derivative of the parameter A corresponding to a gauge
transformation. If rheonomy holds, the term ιR
A will be given in terms of the compo-
nents of the curvatures along the bosonic vielbein only. Therefore a transformation under
diffeomorphisms in the θα directions of superspace where only the fermionic parameter α
is non-vanishing, takes the form
δµA = µA(x, θ + δθ)− µA(x, θ) = (∇)A + αCabα|ARAab. (A.6)
where Cabα|A is a constant tensorial quantity. This is a passive point of view for the Lie
derivative, a flow from one hypersurface to another one translated by δθ.8 We can take
however an active point of view, sticking to the four dimensional space-time, (θ = dθ = 0)
and write:
δµA = µ′A(x, 0)− µA(x, 0) = (∇)A + αCα|ARAab, (A.7)
This is a supersymmetry transformation on space-time.
In order to obtain the space-time lagrangian we project the 4-form lagrangian from
superspace to space-time, namely we restrict all the terms to the θ = 0 , dθ = 0 hypersurface
M4. In practice one first goes to the second order formalism by identifying the auxiliary
0-form fields as explained before. Then one restricts the superfields to their lowest (θα = 0)
component and to the space-time bosonic vielbein or differentials. This gives the lagrangian
4-form (3.20). (For example the Lagrangian density in the usual tensor form is obtained
by expanding all the forms along the dxµ differentials and taking the coefficient of:
dxµ dxν dxρ dxσ =
µνρσ√
g
(√
gd4x
)
. (A.8)
B Normalizations and conventions
Minkowski metric:
ηab ≡ (1,−1,−1,−1) (B.1)
Definition of the Riemann tensor :
Rµν = dΓ
µ
ν + Γ
µ
ρ Γ
ρ
ν ≡ −
1
2
Rµνρσdx
ρ dxσ (B.2)
We are working with Majorana spinors, satisying: λ¯ = λTC, where C is the charge
conjugation matrix.
Symmetric γ matrices: Cγa , Cγab
8This flow from one hypersurface to another is responsible of the name “rheonomy”, which comes from
the Greek words ‘ριˆν → flow and νo´µos → law.
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Antisymmetric γ matrices: C , Cγ5 , Cγ5γa
Clifford Algebra:
{γa, γb} = 2 ηab
[γa, γb] = 2 γab
γ5 ≡ − i γ0γ1γ2γ3
γ†0 = γ0; γ0γ
†
i γ0 = γi (i = 1, 2, 3); γ
†
5 = γ5
abcdγ
cd = 2 i γabγ5 (B.3)
γmγ
abγm = 0 (B.4)
γabγmγ
ab = 0 (B.5)
γabγcdγ
ab = 12γcd (B.6)
γmγ
aγm = −2γa (B.7)
γabγc = 2γ[aδb]c + i
abcdγ5γd (B.8)
γcγab = −2γ[aδb]c + iabcdγ5γd (B.9)
γabγcd = i
abcdγ5 − 4δ[a[c γb] d]− 2δabcd (B.10)
Some useful Fierz identities for N = 1 (for the 1-form spinor ψ):
ψψ¯ =
1
2
γaψ¯γ
aψ − 1
8
γabψ¯γ
abψ (B.11)
γaψψ¯γ
aψ = 0 (B.12)
γabψψ¯γ
abψ = 0 (B.13)
γabψψ¯γ
aψ = ψψ¯γbψ (B.14)
Some useful relations and Fierz identities for N = 2 (for the 1-form spinors ψA, ψ
A):
AB = −BA , AB = −BA , ABBC = −δCA ,
ABX
B = XA , 
ABXB = −XA
ψAψ¯
B =
1
2
γaψ¯
BγaψA (B.15)
ψAψ¯B =
1
2
ψ¯BψA − 1
8
γabψ¯Bγ
abψA (B.16)
γaψAψ¯
BγaψC = 0 (B.17)
γabψAψ¯Bγ
abψC = 4A(BψC)ψ¯LψM 
LM (B.18)
γabψ
Aψ¯Bγ
abψC = 0 (B.19)
Reality condition for SU(2) valued matrices:
S¯AB = AC BD(SCD)
? (B.20)
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